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it will break first. The advantage of the architecture is evident in
that the ductility increases with a corresponding increase in tough-
ness, but there is clearly a loss in stiffness for the strand.
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Conclusions
This preliminary study shows the advantages of the strand in in-

creased toughness at the expense of loss of stiffness, a characteris-
tic quite typical of biological structures. The "design" of the latter
is such that any increase in toughness is at the cost of some reduc-
tion in stiffness. Whether man-made structures can adapt this prin-
ciple is an open question but is worth further examination. In so far
as use of such strandlike or ropelike fibers in composites is con-
cerned, we continue to look into the question of behavior in com-
pression to examine buckling and bird-caging problems. Even
when those issues are resolved satisfactorily, there is of course the
larger question of manufacturability. Nevertheless, the concept ap-
pears attractive and deserves further scrutiny by interested re-
searchers.

Appendix: Governing Equations2

Curvatures:
x = curvature with respect to x axis
x' = curvatures with respect to y axis
1 = curvature with respect to z axis (twist per unit length)

Forces:
N2 = shear force in the x direction
N2' = shear force in the y direction
T2 = axial force in the z direction

Moments:
G2 = bending moment in the x direction
G2 = bending moment in the y direction
H2 = twisting moment in the z direction

Change in curvature:
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where m2 = number of outer wires. Note: subscript 2 refers to outer
wires.

Stress in inner wire:
Normal stress due to F[ = Fl/nRl

Shear stress due to M{ = 2Ml/nR\
Stress in outer wire:

Normal stress due to T2 = T2/nR2
2

Normal stress due to G2 = 4G2/nR3
2

Shear stress due to H2 = 2H2/nR3
2
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where the barred quantities represent the state after deformation.
Normalized forces:
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Introduction

AN interesting feature observed in the nonlinear numerical
dynamic analysis of shells has been the appearance of chaos-

like phenomena in postcollapse. Many physical systems exhibit
chaotic vibrations, including the vibrations of buckled elastic
structures.1 For the purposes of definition, precollapse cases are
those in which the applied load, in this case a sudden load of infi-
nite duration, does not produce collapse; the result of the load is an
oscillation of the shell structure about a deformed geometry that
would have resulted had the same load been applied statically.
Post-collapse refers to dynamic collapse or snap-through response.
The correct choice of time step Af is essential in nonlinear dynamic

Total force on the strand:

F, = Fj +F2, Mr = M! +M2, —^ = 71^
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structural analysis, and many have suggested guidelines2"5 for
choosing a fixed time step small enough to capture the structural
response. These guidelines (as those suggested herein) depend on
some foreknowledge of the structure's behavior and, usually, some
trial and error. Furthermore, current work suggests that using a
fixed time step small enough to capture postcollapse (stiff)
response is very inefficient for precollapse (soft) behavior. A num-
ber of approaches have been used in both the spatial and temporal
domains for complex nonlinear problems in finite elements. Adap-
tive schemes have been developed for adapting the mesh, the inte-
gration order,6 the time step as a function of location,7'8 and
timestep as a function of characteristic frequency (stiffness).9 The
scheme presented herein was developed empirically through the
use of a simple shell-analog model (the subject of a future paper).

The nonlinear equations used in Dshell, an in-house finite ele-
ment model, have both of the necessary ingredients for chaos1: 1)
at least three independent dynamical variables (Dshell has seven)
and 2) nonlinear terms in the coupled equations. Palazotto et al.10

have witnessed an apparently random behavior in postcollapse
states, and the present research shows that there are two sources of
this behavior, one of them being chaos-like. The deformed geome-
tries of the shell structures differ markedly depending on whether
the behavior is due to chaos-like activity or numerical error. The
variation of the total potential energy is used to develop the finite
element for the laminated composite shell. This, coupled with the
unconditionally stable integration scheme, the beta-m method,2
makes energy-checking methods(for numerical stability) of little
value.

Results and Discussion
A 24-ply simply supported composite cylindrical is the subject

of the present research. The ply lay up is [06/906]s and the material
properties correspond to those of Hercules' AS4-3501-6 graphite
epoxy composite. The geometry and loading of the simply sup-
ported shell are depicted in Fig. 1. The boundaries are simply sup-
ported along their straight edges, and the sudden load is applied at
node 1. The static collapse load of the shell is 12,455 N(2800 Ibs),
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Fig. 1 Dshell model geometry and the 36-DOF Dshell element.

Fig. 2 Frequency response of node 1, point of applied load: a) precol-
lapse (oscillating) and b) postcollapsed.

and was calculated using the method of Riks.11 Only a quarter of
the shell is modeled, using bilateral symmetry, which is adequate
for cross-ply laminates. Two different meshes were used in the
research, and both were shown to converge. The Dshell finite ele-
ment is an eight-noded, 36-degree-of-freedom (DOF) isoparametric
thin shell element (Fig. 1). Each corner node has seven DOF (three
displacement, two slope, two rotation) and each midside node has
two DOF (in-plane displacement). In-plane strains are represented
by the full Green's strain displacement relation, but only linear
terms are retained to describe the transverse shear strains.12

From previous modeling, it has been found that the integration
time step for the equations of motion may be chosen based on the
first linear natural frequency of the quarter-shell model,/!

^i = l//is (1)

Ar=T1/20s (2)

This empirically derived time step was found to be sufficient for
all cases of precollapse motion. The frequency response of node 1
of the shell is shown in Fig. 2a for the precollapse case. The fun-
damental nonlinear frequency of oscillation and two harmonics
are readily evident. Figure 2b is for the collapsed case (discussed
subsequently).

As a first attempt at analyzing postcollapse behavior, a uniform
time step of (A£ = 0.00005 s) is used in evaluating the dynamic



AIAA JOURNAL, VOL. 32, NO. 9: TECHNICAL NOTES 1937

0.1

0.08

^0.06

^0.04

0.02

b)
3 4 5

time (s)
x l O

-3

Fig. 3 Node 1 w displacement vs time: a) numerical instability with
At = 0.00005 s and b) possibly chaotic vibration captured with two time
step scheme.

snapping of the shell. The w displacement vs time is seen in Fig.
3a. Prior to collapse, the highest frequency of interest in the prob-
lem is not associated with the shell but with the suddenly applied
load. If the ramping up of the load is considered to bethe first quar-
ter of one sinusoid, the frequency of the applied load is about 125
Hz. The time step (period) of 0.00005 s corresponds to a frequency
of 20,000 Hz and is smaller than necessary to capture the behavior
of the sudden load and the response in the precollapse regime but
is not small enough to capture the behavior after collapse.
Although a cursory examination of the nodal displacement vs
time(Figs. 3a and 3b) may not give an indication as to the validity
of the data, the deformed geometry (Fig. 4a) gives an immediate
indication that something has gone numerically wrong. Figure 4b
indicates a deformed geometry in postcollapse that does not suffer
from numerical error. This is not to say that this deformed geome-
try is realistic vis-a-vis an actual composite shell. The Dshell
model does not allow any failure modes, so the collapsed geometry
has features that would not be seen in an actual shell; for example,
the elements spilling over the simply supported edges in Fig. 3b
result from circumferentially traveling waves in the shell model
that would cause large strains and failures in an actual shell and
would never be observed.

The postcollapse behavior of the composite cross-ply shell was
then analyzed using a multiple time step method, with otherwise
identical run parameters. A time step based upon the lowest linear
frequency/!, (from the eigenvalue analysis of the quarter panel) is
used during that portion of the run describing initial collapse of
the shell. The high-frequency content is negligible until node 1
reaches its maximum w deflection, i.e., the shell reverses geome-
try and becomes very stiff. Shortly after this point (in this run, at
t = 0.0049 s) parametric (in-plane) resonances cause the higher
frequencies to become important. Hence, a postcollapse time step
based on the highest frequency of interest seen in the oscillating
(precollapse) shell, fh = 760 Hz, is used thereafter. The highest fre-
quency of interest was arbitrarily chosen as the highest frequency
within 10 dB of the maximum (from data at the most flexible por-
tion of the structure: the free edge). (The time necessary to gener-
ate a few cycles of oscillating behavior to get this frequency infor-
mation is comparatively small compared to that required for a
collapse analysis).

Using these frequencies with the criteria developed using the
previously mentioned simple shell-analog model, we have
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Fig. 4 Deformed geometry of postcollapse shell: a) with numerical
error and b) correct deformed geometry.

V/20"0-0001 s
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Using A?post as the timestep for the entire run would be very
inefficient; tripling the CPU time required for the solution and
changing the time step during the run offers substantial improve-
ment over using a fixed time step.

As in other schemes for nonlinear analysis, a priori knowledge
of the system's characteristics is required. However, a fast Fourier
Transform (FFT) analysis of a few cycles of the steady-state oscil-
lating behavior may provide enough data to proceed with little or
no trial and error. The time step for this trial run is chosen based on
the linear eigenvalue analysis.

Figure 3b describes the w displacement node 1. The frequency
response in the postcollapse regime is shown in Fig. 2b. It displays
quantitatively the same sort of broadbanded noise seen in chaotic
motion. Unfortunately, there is too little data to make a determina-
tion as to whether the motion is truly chaotic (e.g., finding a posi-
tive Lyapunov exponent).

Conclusions
For the precollapse analysis, computation of a suitable time step

is straightforward and comes from the linear eigenvalue analysis.
For runs involving collapse, changing the time step during the
course of the run can make the run more computationally efficient.

In the precollapse cases examined, chaos-like behavior was not
seen in the Dshell finite element model. In-plane displacements due
to parametric resonance were found to be significant, on the order
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of one-third the transverse displacements, but the high frequency
content (compared to that in the postcollapse case) is negligible.

Chaos-like behavior was observed in the Dshell finite element
model in postcollapse. The broadbanded frequency spectra of the
oscillations and the very irregular, but bounded, nodal trajectories
in phase space (not shown) are consistent with chaos.

A time step that is too small increases the number of calcula-
tions unnecessarily and hastens the accumulation of numerical
error.

The deformed geometry plots give an immediate, though quali-
tative, indication of numerical instability whereas observation of
the displacement of a single DOF vs time may not. In cases of
numerical instability, Dshell is usually able to converge to a solu-
tion that satisfies compatibility and potential energy constraints
although arriving at an unrealistic and incorrect deformed geome-
try. Unbounded trajectories in phase space also indicate numerical
instability and give quantitative information as to the onset.
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I NOTICED the following misprints in the recent article "Skin
Friction and Velocity Profile Family for Compressible Turbu-

lent Boundary Layers"1:
1) In the second line after Eq. (8), W(T}) = 2 sin2(r|n/2) should
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2) Equation (10), if taken from Ref. 6, should read

n = 0.55[1 - exp( - 0.243z?-5 - 0.2

where z!= /te0/425- 1.
3) The horizontal axis in Fig. la is ReQ x 10~3, but in step 2 of

the skin-friction algorithm it is said that "calculate Re§2 = PAO/M™
and find II from Fig. la." Don't you think Re§2 should be replaced

In addition I would like to make the following comments:
1) The title of the paper implies that the method is applicable to

all zero pressure gradient compressible flows from subsonic to
hypersonic flows. In the paper the method is tested mainly against
hypersonic data; therefore, I think the term "compressible" should
have been replaced with "hypersonic."

2) The last line in the skin-friction algorithm states that steps 1-
7 are repeated until the solution converges. I am not quite sure how
we can be certain of having convergence by specifying only one
boundary-layer parameter (0 or 5*) to predict skin friction and
velocity profile. More explanations were needed.

3) In step 4 of the skin-friction algorithm, the definition of U$
in relation of Eq. (6) is not clear. The addition of a clear list of
notations would have been helpful.
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